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In the currently projected quasistationary thermonuclear systems with plasma densities 
of n ~ i017-i01a cm -a, the separation of the plasma from the walls by means of a magnetic 
field is a technically complicated problem, since it requires the establishment of megagauss 
fields. One possibility is to confine the plasma by means of the vessel walls and to use the 
magnetic field only to suppress the transverse thermal conductivity [i]; this can be achieved 
with fairly moderate magnetic fields (such that B = 16~nT/H 2 >> i). In addition to the obvious 
features related to the direct contact between the plasma and the walls, this nonmagnetic 
confinement produces significantly new properties in the bulk behavior of the plasma. Let 
us suppose that the plasma is in a long cylindrical tube of radius R. Since the interesting 
confinement times are much longer than the inertia time R/c s (c s is the velocity of sound), 
the gas-kinetic pressure p = 2nT in a plasma with B m 1 must at all times be uniform over the 
cross section of the tube. Thus, the plasma density near the relatively cold walls is much 
greater than that in the center of the system. This can lead to an important increase in the 
role of the bremsstrahlung emitted by the plasma, since the volume intensity of radiation Qr, 
which is proportional to n2T1/2, increases as na/2 when T ~ n -I The reduction in the ener- 
gy lifetime of the plasma thus produced can mean that nonmagnetic confinement is unusable in 
principle, since for a thermonuclear plasma with a temperature T ~ i0 ~ eV the radiation cool- 
ing time r r = 3nT/Qr even for a D--T mixture is only 30 times greater than the required con- 
finement time given by the Lawson criterion. 

Suppose that at the initial instant of time we have at the center a hot plasma with a 
temperature To and density no and a magnetic field Ho directed along the tube. We assume 
that the plasma temperature near the wall is equal to zero. In the center, the hot plasma 
is strongly magnetized so that the quantity 5o = mHiZi ~ i (mHi is the ion cyclotron fre- 
quency and zi -~ is the ion collision frequency), but the magnetic pressure is small: Bo = 
16~noTo/Ho ~ >> i. The problem consists in finding the time XE in which the plasma loses a 
significant part of its initial energy Wo ~ noToR 2 (we consider only the transverse energy 
losses so that all quantities refer to unit length of the system). The thermal losses come 
from radiation and transverse thermal conductivity in theplasma. Since the pressure 2nT in 
a high-B plasma always remains uniform, the plasma must become redistributed over the cross 
section as it cools, i.e., there is a radial plasma flow. The time changes in the plasma 
parameters are described by the equations [2] 

( = O; (1 )  a T ) = O, -dY + -7- 

-~  t--~-] = 4,'~r- "~'r t-'~,_-~'r ] "~- -~-r "~'/ , r  ~ ~r ) ; (2) 

3 n ~ -  -7- _~r r Z• ~-r q- 4--~Tne ~Tr j - -  Qr, (3) 

where  v i s  t h e  r a d i a l  f l o w  v e l o c i t y  o f  t h e  p l a s m a ,  <~ and ~ a r e  t h e  t h e r m a l  and e l e c t r i c a l  
c o n d u c t i v i t i e s  o f  t h e  p l a s m a  a c r o s s  t h e  m a g n e t i c  f i e l d ,  and ~ i s  a c o e f f i c i e n t  which  d e -  
f i n e s  t h e  componen t  o f  t h e  t h e r m a l  f o r c e  p e r p e n d i c u l a r  to  VT and R. The vo lume i n t e n s i t y  o f  
t h e  b r e m s s t r a h l u n g  f r o m  t h e  p l a s m a  i s  

Novosibirsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 6, 
pp. 3-8, November-December, 1976. Original article submitted May 6, 1975. 

This material is protected by  copyright registered in the name o f  Plenum Publishing Corporation, 227 West 1 7th Street, New York, N. Y. 
10011. No part o f  this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, 
mechanical, photocopying,  microfilming, recording or otherwise, wi thout  written permission o f  the publisher. A copy o f  this article is 
available f rom the publisher for  $Z50 .  

747 



Qr = bn~Ti/2"~lOJaneT'/', 

where  Q i s  i n  e V / c m a . s e c ,  n i s  i n  cm - 3 ,  and T i s  i n  eV. I n  t h e  t h e r m a l  b a l a n c e  e q u a t i o n  (3) 
we h a v e  o m i t t e d  u n i m p o r t a n t  t e r m s  c o n n e c t e d  w i t h  ohmic and v i s c o u s  d i s s i p a t i o n .  

S i n c e  t h e  f u l l  s o l u t i o n  o f  t h e  s y s t e m  ( 1 ) - ( 3 )  can  o n l y  be  o b t a i n e d  by n u m e r i c a l  i n t e -  
g r a t i o n ,  we s h a l l  g i v e  a q u a l i t a t i v e  a n a l y s i s  o f  t h e  v a r i o u s  p l a s m a  c o o l i n g  c o n d i t i o n s .  For  
v e r y  s m a l l  s y s t e m s  (R t e n d i n g  to  z e r o )  t h e  r a d i a t i o n  f rom t h e  p l a s m a  c a n ,  o f  c o u r s e ,  be  n e -  
g l e c t e d .  The e n e r g y  l i f e t i m e  o f  t h e p l a s m a i s  t h e n  on t h e  o r d e r  o f  R I /Xo ,  where  Xo ~ cTo/eHoSo 
i s  t h e  t h e r m a l  d i f f u s i v i t y  o f  a m a g n e t i z e d  h o t  p l a s m a  [ 2 ] .  For  l a r g e  R, on the  o t h e r  h a n d ,  
r E i s  bounded  f rom a b o v e  by t h e  r a d i a t i o n  c o o l i n g  t i m e  o f  a h o t  p l a s m a  Zo = 3noTo /bno lTo  1 /2 .  

T h e r e  i s  a c e r t a i n  r e g i o n  o f  r a d i u s  v a l u e s  whe re  t h e  e n e r g y  l o s s e s  f rom t h e  s y s t e m  a r e  
g o v e r n e d  by t h e  r a d i a t i o n  f r o m  t h e  t h i n  l a y e r  o f  c o l d  p l a s m a  n e a r  t h e  w a l l s  ( t h e  t h i c k n e s s  
i s  much l e s s  t h a n  R) and t h e  c o o l i n g  t i m e  z E i n  t h i s  c a s e  i s  much l e s s  t h a n  e i t h e r  t o  o r  t h e  
d i f f u s i o n  t i m e  RI /Xo .  The c o o l i n g  o f  t h e  h o t  p l a s m a  o c c u r s  as  a r e s u l t  o f  t h e  c o n v e c t i v e  
f l o w  o f  h e a t  f rom t h e  c e n t e r  t oward  t h e  w a l l s ,  i . e . ,  o f  t h e  a d i a b a t i c  e x p a n s i o n  o f  t h e  h o t  
p l a s m a .  The p l a s m a  f l o w  i n v o l v e d  can  be  d e s c r i b e d  a s  f o l l o w s .  The w a l l  l a y e r  o f  l o w - t e m p e r -  
a t u r e  p l a s m a  c o o l s  r a p i d l y  as  a r e s u l t  o f  r a d i a t i o n  and i t  c o n t r a c t s  ( s i n c e  t h e  p l a s m a  p r e s -  
s u r e  mus t  b e  u n i f o r m ) .  T h e r m a l  c o n d u c t i v i t y  l e a d s  t o  an e x t r a c t i o n  o f  h e a t  f rom t h e  n e x t  
l a y e r  o f  p l a s m a ,  wh ich  t h e n  c o o l s ,  and so t h e  p r o c e s s  c o n t i n u e s .  S i n c e  t h e  t h i c k n e s s  o f  t h e  
d e n s e  c o o l e d  p l a s m a  i s  s m a l l  i n  c o m p a r i s o n  to  t h e  r a d i u s  o f  t h e  t u b e ,  t h e  h o t  p l a s m a  i s ,  as  
i t  w e r e ,  " e a t e n "  by  t h e  w a l l s .  

The e x p a n s i o n  r a t e  o f  t h e  h o t  p l a s m a  can  be  found  by  s o l v i n g  t h e  f o l l o w i n g  model  p r o b -  
l em.  Suppose  t h a t  t h e  p l a s m a  p a r a m e t e r s  depend  on a s i n g l e  c o o r d i n a t e  x (when t h e  t h i c k n e s s  
o f  t h e  t r a n s i t i o n  l a y e r  b e t w e e n  t h e  h o t  and c o o l  p l a s m a s  i s  s m a l l  compared  to  R, t h e  m o t i o n  
o f  t h e  p l a s m a  c a n  be  assumed  to  b e  u n i f o r m ) .  At x = -- ~ we h a v e  h o t  p l a s m a ,  and a t  x = + 
we h a v e  c o l d  p l a s m a .  I f  we n e g l e c t  t h e  r a d i a t i o n  f rom t h e  h o t  p l a s m a  (which i s  j u s t i f i a b l e  
when T E ~ t o ) ,  we s e e  t h a t  a s t a t i o n a r y  " c o o l i n g  w a v e "  c a u s e d  by  t h e  r a d i a t i o n  f rom t h e  
t r a n s i t i o n  l a y e r  p r o p a g a t e s  " th rough  t h e  p l a s m a ;  t h e  c o n v e c t i v e  f l o w  o f  h e a t  f rom t h e  h o t  
p l a s m a  mus t  b a l a n c e  t h e  t o t a l  r a d i a t e d  e n e r g y .  I n  o r d e r  to  f i n d  t h e  p r o f i l e  o f  t h i s  wave i t  
i s  c o n v e n i e n t  t o  go o v e r  to  d i m e n s i o n l e s s  v a r i a b l e s  i n  ( 1 ) - ( 3 ) .  We t h e r e f o r e  t a k e  no ,  To,  
and Ho a s  o u r  u n i t s  o f  d e n s i t y ,  t e m p e r a t u r e ,  and m a g n e t i c  f i e l d ,  r e s p e c t i v e l y .  We m e a s u r e  
l e n g t h  i n  u n i t s  o f  (Xo, xo) ~/2 and  v e l o c i t y  i n  u n i t s  o f  ( X o / Z o ) ~ / 2 .  Fo r  a s t a t i o n a r y  f l o w  
we g e t  f r o m  (1) t h a t  

( 4 )  

(Vo is the velocity of the hot plasma). In a high-B plasma, the frozen-in nature of the mag- 
netic field is mainly destroyed by the action of the thermal force [the second term on the 
right side of (2)]. But in our case we can neglect this force and assume that the magnetic 
field is frozen into the plasma: 

H = n (5) 

[ t h e  l a r g e  f a c t o r  (M/m) i /=  i n  t h e  t h e r m a l  d i f f u s i v i t y  Xo o f  a m a g n e t i z e d  h o t  p l a s m a  i s  t h e  
p a r a m e t e r ] .  Under  c o n d i t i o n  ( 5 ) ,  t h e  m a g n e t i z a t i o n  p a r a m e t e r  6 = ~ H i r i  depends  o n l y  on t h e  
t e m p e r a t u r e  and i s  e q u a l  t o  ~oTa/2 For  T > ~ o - = / 3 ,  t h e  p l a s m a  i s  m a g n e t i z e d  and in  d imen -  
s i o n l e s s  v a r i a b l e s  (3) can  b e  w r i t t e n  a s  

5v ~ ~dT : ~d t[ T--J/2-~z ~ -- T_3/2 (6a)  

[ h e r e ,  we h a v e  u s e d  (4) and (5) and o m i t t e d  t h e  s m a l l  c o r r e c t i o n  to  t h e  h e a t  f l o w  p r o d u c e d  by 
the thermal force]. When 6 < i, i.e., T < 60-2/3 , the magnetic field does not affect the 
thermal conductivity of the plasma* and in place of (6a) we get 

d.~ [T5/2 dr ~ T-3/2. dr _~ 52 _ (6b) 

*For  s i m p l i c i t y ,  we do n o t  c o n s i d e r  t h e  n a r r o w  t e m p e r a t u r e  r e g i o n  c o r r e s p o n d i n g  t o  t h e  t r a n -  
s i t i o n  f r o m  i o n  to  e l e c t r o n  t h e r m a l  c o n d u c t i v i t y .  
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Integrating (6a) and (6b) over the coordinate and neglecting the diffusion flow of heat into 
the cold plasma (for which the condition is r E ~ R=/Xo), we find that 

i ? 
v0 = -6- J 

T -  3/2 dx 
- -  o o  

(7) 

[the radiation from the hot and cold plasma is "cut off" and only the transition region con- 
tributes to the integral (7) 

In order to calculate Vo we consider separately the high-temperature region (which we 
call region i), where the radiation is unimportant and the convective and diffusion heat 
flows are balanced, and the low-temperature region (region 2), where we can neglect the con- 
vective heat flow. We estimate the order of magnitude of dT/dx as T/~ and we have from (6a) 
that in region 1 

uoTllNTll i lP,  l N  tlvoTi/2. (8) 

Comparing now t h e  te rms  on t he  r i g h t  s i d e  o f  ( 6 a ) ,  we f i n d  t h e  b o u n d a r y  Tx be tween  r e g i o n s  
1 and 2: T~ m vo - 2 / 3  [as  we s h a l l  s ee  l a t e r ,  Tx >> ~ o - 2 / a ,  so t h a t  t h e  whole  o f  r e g i o n  1 i s  
d e s c r i b e d  by ( 6 a ) ] .  I n  r e g i o n  2, i t  f o l l o w s  f rom (6a) t h a t  f o r  T > ~o -2/3, 

TU2/12 ~ T-%, I ~ T, 

and from (6b) for T < ~o-2/3, 

6~TV/2/l~T -3/2, l N  So T~/~. 

By means o f  ( 8 ) - ( 1 0 ) ,  we can now e v a l u a t e  t he  i n t e g r a l  (7) wh ich  d e f i n e s  vo .  
t r i b u t i o n  comes f rom the  t e m p e r a t u r e  r a n g e  T ~ ~ o - 2 / 3 ,  where  ~Hi~i  ~ l ,  

(9) 

(i0) 

The main con- 

(ii) 

In these calculations we have completely neglected the magnetic pressure in comparison with 
the gas-kinetic pressure of the plasma. But however large the value of 8o, the magnetic pres- 
sure must increase as the temperature goes down if the field is frozen into the plasma, and 
for sufficiently small T it will become greater than the plasma pressure. From the condi- 
tion that the total pressure should be uniform we can estimate that the condition n = T -~ 
will be satisfied up to temperatures T ~ 8o-I/2. At lower temperaturesnandHwillnolonger 
vary. It can thus be seen that (ii) is valid if ~iJ/2~6~/3. In the opposite case, which 
usually holds for plasma parameters of practical interest (where, for example, no m l0:8 cm -3, 

rb 5 tb 2 To m I0 keV, Ho i0 G, 80 i0 , ~o m 103 ), the main contribution to the radiation comes 
from the temperature range T ~ 8o -I/2. The expansion rate of the hot plasma is then vo m ~o I/~. 

Going back to dimensional quantities, we now get the following estimate for the energy 
lifetime of the hot plasma- 

zl: ~ B~-~"~H (%/Z0) t'~. (12) 

It is interesting to note that the cooling time of a hot plasma proves to be proportional to 
the radius of the system R. These cooling conditions only occur, of course, if the magnitude 
of T E estimated from (12) is smaller than both R=/Xo and To. This condition leads to the fol- 
lowing range for the transverse dimensions*: 

~ - - i / ' . ,  t .  , ~ / 2  J ~ . ~  o I / ' t  1 / ~  

The shape of the z E versus R curves for the different types of cooling are shown in 
Fig. i. If we apply these results to a plasma with thermonuclear parameters and assume that 

*We note that the stationary cooling wave which models the plasma behavior over the given 
range of parameters depends to an important extent on the boundary conditions and these have 
to be determined from the actual data. An incorrect choice of these boundary conditions led 
to the erroneous result in [3]. 
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the required energy confinement time is of the order of To/30, we find that for Bo < 302 
l0 S the radiation is not important in the plasma energy balance. Thus, the quantity r E re- 
mains of the order of R2/• as was found earlier from numerical calculations of the param- 
eters of a thermonuclear reactor with nonmagnetic confinement [4, 5]. For ~o~10s~ this 
increase in the total�9 radiation significantly reduces the plasma cooling time. As an exam- 
ple, we now give the results obtained by computer integration of (1)-(3) for this case. 

The actual problem is as follows. At the initial instant of time a uniform plasma with 
a density n = 3.10 Is cm -S is in a tube with a radius of R = 17 cm. The magnetic field is 

also uniform and equal to 105 G. An external heat source with a characteristic duration of 
At = 6.10 -5 sec is then switched on. The heating is accompanied by the expulsion of the 
plasma and the magnetic field from the center toward the walls [we might note that it is more 
convenient in the numerical ~ntegration to use the equation of motion of the plasma rather 
than the first equation in (i)]. At the time tl = 4.4"10 -4 sec, when the source can be con- 
sidered to be already switched off, the radial distributions of the temperature, density, and 
magnetic field are as shown in Fig. 2. The plasma parameters in the center are as follows: 
no = 7.5"1017 cm -S, Ho = 2.5-104 G, and To = 27 keV, so that Bo = 2.7"i0 S. The magnetic 

pressure is only important in a thin layer right next to the wall, where ~ ~ i. The charac- 
teristic time associated with the thermal conductivity is R2/• 2.10 -S sec, and the radia- 
tion time is To ~6.4"i0 -S sec. Thus, we can expect from our estimates that (12) will be 

valid for the plasma cooling time T E in this case. 

Figure 3 shows how the plasma temperature and density change with time after t = tl. It 
can be seen that the cooling is almost adiabatic. The average volume radiation intensity 
over the cross section is about 12 times greater than the intensity at the center and the 
diffusion heat flow to the wall is I/s of the total radiation from the plasma. By the time 
t2 = 6.8"10 -4 sec, the plasma energy is one-half of its initial value (at t = t~) so that the 
energy lifetime T E = 2.4"10 -4 sec [the estimate from (12) gives Bo-i/~R(To/Xo)~/2~5.10-4sec]. 

The special features of the radiation from a high-B plasma also appear in the station- 
ary problem, where the heat losses from the plasma are balanced by the external heat source. 
Suppose that at the initial moment of time we have a cold plasma which uniformly fills the 
entire cross section of the tube. The plasma density is ~ and the magnetic field is H. We 
switch on a constant external heat source with a characteristic volume intensity QH. We have 
to decide whether a stationary state can be set up in a high-B plasma for a sufficiently 
large value of QH" We suppose that the magnetic field remains frozen into the plasma while 
the steady state is being set up. It then follows from our estimates that when R > ~o-:/~ 
(Xoro):/2 the thermal conductivity of the hot plasma which occupies the major part of the 
volume and acquires almost all the energy of the external source cannot balance the radiation 
from the cold layer near the walls, so that a stationary state proves to�9 impossible. We shall find 
the conditions that this imposes on the initial parameters n, H, and R. The quantities Xo, 
To, and Bo depend on the plasma density and temperature at the center (no and To), and in 
the stationary state these are determined from the conservation of the number of particles 
and from the energy balance. The condition for energy balance can, of course, be written 

here as 

QH R2/%o "" noTo. 
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In order to find the density profile in the stationary state we have to solve an equation 
similar to (6a) except that the convective heat flow is replaced by QH i Simple estimates 
similar to those given above show that no ~ ~o-I/~ (and Ho ~ Bo~I~4H), If we now take the 
thermal diffusivity of the hot plasma to be Xo ~ Mc2ano/e2Ho2To ~/2 (where we have explicitly 
introduced the ion collision frequency v i = an/T3/2), we find that the condition for the 
existence of a stationary solution is independent of the heat intensity QH and the initial 
plasma density ~ and has the form 

~ R ~ ( M c : a : e ~ b ) . : ~  t0  ~ G ' c m .  

The hot-plasma parameters in the stationary state are 

To...v Q~4t~41~4 (Me'ale2) ,  H o N n o ' ~  ' 

n o ,-., n2 (McO-a/e~)213/Q~13_~2/3R '~/3. 

We note, in conclusion, that these features of the radiation cooling of a high-B plasma are 
related to the way that the classical Coulomb thermal conductivity of a plasma depends on 
the magnetic field, the temperature, and the density. These features do not occur, for ex- 
ample, in the case of a Bohm thermal conductivity, where • ~ cT/eH. 

The author is grateful to D. D. Ryutov for a discussion of this paper and to P. Z. Che- 
botaev for the numerical computer calculations. 
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